The atomic third-order open-shell many-body perturbation theory is developed. Special attention is paid to the generation and algebraic analysis of terms of the wave operator and the effective Hamiltonian as well. Making use of occupation-number representation and intermediate normalization, the third-order deviations are worked out by employing a computational software program that embodies the generalized Bloch equation. We prove that in the most general case, the terms of effective interaction operator on the proposed complete model space are generated by not more than eight types of the n-body (n ≥ 2) parts of the wave operator. To compose the effective Hamiltonian matrix elements handily, the operators are written in irreducible tensor form. We present the reduction scheme in a versatile disposition form, thus it is suited for the coupled-cluster approach.
I. INTRODUCTION
are characterized by the sets {Π for Λ k .
51
By 22 , we let , ·, H : X × X −→ R be a real function, called the scalar product on 52 N-particle Hilbert space H, where
The infinite Hilbert space H is assumed to be separable, thus there exist the linear forms
is the subset of vectors of H, it is sufficient to introduce a finite-75 dimensional subspace P (dim P = d) of H by 76 P = {φ k : φ k · φ l H = δ kl , ∀k, l = 1, 2, . . . , d}.
Then the orthogonal complement P ⊥ ≡ Q = H ⊖ P of P is defined by
This immediately implies that
thus the orthonormal functions θ l form the complement Z = X\Y = {θ l } by Eq. (7), the operator Thus for i = j, we obtain a particular case k = k ′ , if the shell λ N ki ki in φ k is labeled by λ ki = λv.
150
In general, for some k, the functions φ k ′ are zeroes. Nevertheless, due to the completeness 151 of the finite set Y (Sec. II B), there will always be at least one function φ k with λ ki = λv. 6).
160
We can now summarize. The selected d-dimensional subspace P of N-electron separable
161
Hilbert space H is assumed to be constructed of the set Y of same parity configuration 162 state functions φ k by allocating the valence electrons in all possible ways (complete model 163 space). Additionally, in order to avoid the divergence of terms of the PT, we select the 164 parity conservation rule in Corollary II.6 to be true. The subspace P will be called the 165 model space.
166
Finally, let us define the effective interaction operator by 6 (Eq. (15.5), p. 386)
where ξ = 1, 2, 3, 4 denotes the number of contractions between the i-body parts (i = 1, 2)
168
of perturbation V and the n-body parts of Ω (for n + i − ξ ≥ 0). On behalf of the definition 169 of P, the associated operators W n,ξ are generated by applying the following theorem.
170
Theorem II.7. If the n-body part of the wave operator Ω is defined by Eq. (9), then none 171 zero terms of the effective interaction operator W on the model space P are generated by 172 maximal eight types of the Fock space operators O n (αβ) for all n ≥ 2.
173
if at least for ξ = 4, the operators { P s V 2 Ω n P s } 4 = 0 are derived. This means Ω n includes at 175 least (n − 2) creation and (n − 2) annihilation operators, designating the valence orbitals.
176
Possible allocations of α i andβ j (see Eq. (10)) orbitals for all i, j = 1, 2, . . . , n are these:
Because of the anticommutation properties of creation and annihilation operators, the similar 179 allocations of none valence orbitals hold for any selected i, j, not only i, j = 1, 2.
180
Theorem II.7 also fits the effective Hamiltonian, given by the formula H
181
In this case, the structure coefficients ω in Eq. (9) are replaced with ω (m) , obtained from 182 Ω (m) . For m = 2, these coefficients will be displayed in the next section, where we examine 183 a special case of the application of proposed formalism.
184

III. THE THIRD-ORDER EFFECTIVE HAMILTONIAN
185
In open-shell MBPT, the procedure to determine some fixed number i = 1, 2, . . . , d of
186
energy levels E i of N-electron atomic Hamiltonian H is addressed to the solution of eigen-
187
value equations H ef f Φ(i) = E i Φ(i), where the model functions Φ(i) are determined in Eq.
188
(6). However, in practical applications, the accuracy of effective Hamiltonian H ef f is finite.
189
In this section, we consider the third-order contribution to H ef f .
190
The third-order approximation H
ef f is represented by Eq. (14), replacing Ω n with the
The task under consideration is divided into two parts: (1) the determination of Ω
n with 193 n = 1, 2, 3, 4; (2) the construction of h
mn;ξ for m + n − ξ = 1, 2.
194
A. The determination of terms of the second-order wave operator
195
In the first part, the operators Ω
n are generated in accordance with Ref. 
αβζμνη and ω given by 
2(−1) 
the operator v in V 1 of Eq. (15) will be labeled by τ 0 . We assume that v
where [x] ≡ 2x + 1. The phase multiplier Υ is optional. Usually it is chosen to be equal to
and the reduced 
In Ref. 25 , it was showed that vμ αζβ may be constructed in two
reducing the Kronecker product (λμ × λ α ) × (λ ζ × λβ) (z-scheme). Then the two-particle Usually the authors (see above cited works) better prefer b-scheme, as it is more con-236 venient to produce the algebraic expression, written for a particular Goldstone diagram. 
where a(λ ζ λβΓ 1 ) = (−1) λ ζ +λβ +Γ 1 . The studied effective one-particle matrix element is rep-
where S αβ (τ 1 ) plays a role of the effective one-particle reduced matrix element. The quantity over the repetitive orbitals (ζ,μ in this case) will be written.
254
In Tabs. I-III, the index i = 1, 2 labels V i , while j = 1, 2 labels Ω reads (εμ − ε α ) −1 . The quantities
denote 6j-and 9j-symbols. The 257 elements which are found by making the three-pair contractions between V 2 and Ω
2 vanish,
In this case, the orbitals ζ, ρ, η are identical for 259 all α,β: ζ = c, ρ = e, η = v. Also, we mark off K αβ ≡ S αβ , S ′ αβ by the summation 
then the notations are similar to K αβ case. If ξ = 2 (see Tab. 
-for m + n − ξ = 1, and
mn;ξ is additionally expressed by the sum of h are given in Appendix A, while
Particularly, the Ω (2)− are derived by replacing the one-particle and two-particle matrix 
along with W τ m (λ v λc). On the other hand, another one-particle matrix element could be mn;ξ , including the two-particle interactions g 0 only. For instance,
311
Blundell et. al. 17 calculated 84 diagrams contributing to the third-order mono-valent removal 312 energy. In our considerations, their studied energies: a) E
A − E (3) efficiently. Namely, the irreducible tensor operators, labeled by the representa-
327
tions Λ (see Eqs. (21)- (22)), are written apart from the projection-independent 328 parts. These angular coefficients include the structure coefficients Ω (2)± , mul-
329
tiplied by the 3nj-symbols. Particularly, the coefficients Tabs. mn;ξ with m + n − ξ = 0, 3, 4, 5. For example, the coefficient h
and it forms the three-body operator h
22;1 along with the irreducible tensor operator
However, the triple and higher-order effects are not covered by the examination of this paper.
350
IV. CONCLUSIONS
351
We present an algebraic technique to evaluate the terms of MBPT. The method relies on theories, a huge number of terms is generated and, particularly, not all computed terms of the 357 wave operator attach none zero contributions to the terms of effective interaction operator.
358
Therefore the rules that allow to predetermine these valuable terms become meaningful.
359
Meanwhile, in the PT, another no less important procedure is to work up the generated 380
Two-body part.
383
(A6b)
...
In Eq. (A3a), the quantities
Three-body part.
387
(A13b)
+I ee ′ vvv ′ c (Λ 1 Λ 2 Λ 3 τ 2 Λu)T ′ vee ′ cvv ′ (uτ 2 )} + a(λ e ′ λ v Λ 1 ) ×{a(λ v λvu)a(λ c λv′Λ 2 )I eve ′v cv ′ (Λ 1 Λ 2 Λ 3 τ 2 Λu)
× T ′ e ′ evv ′v c (uτ 2 ) + 
(A14b)
Four-body part.
388 Ω 
The coefficients J, Y , Y ′ , I, I ′ , F , G are defined by the following formulas
I αβζμνη (Λ 1 Λ 2 Λ 1 Λ 2 ΛΛ) = (−1) 
In Eq. (A22), the last term with the brackets [. . .] denotes 12j-symbol of the second kind (see 
